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A moving frame of reference algorithm for �uid=structure
interaction of rotating and translating bodies
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Prince Consort Road; London SW7 2BY; U.K.

SUMMARY

A mathematical and numerical formulation is derived for �uid=structure interaction problems involv-
ing arbitrary geometries relevant to the simulation of bridge deck instabilities due to cross winds. A
translating and rotating moving frame of reference is attached to the body to utilize an e<cient =xed
mesh spectral=hp element solver. The formulation is validated against experiments with �ow simula-
tions of circular cylinders at Reynolds numbers of 100–400 undergoing free and forced motion in the
transverse and in-line directions. The well-documented phenomena of vortex lock-in is captured. The
formulation is then applied a rectangular body at Re=250 under forced and free motion the latter of
which demonstrates torsional galloping. Copyright ? 2002 John Wiley & Sons, Ltd.

1. INTRODUCTION

Fluid=structure interaction problems are common in applications involving aeronautics, oC-
shore engineering, civil and mechanical engineering. Since the beginning of the last decade a
number of numerical algorithms have been developed for the solution of �uid=structure inter-
action problems with the aim of meeting the needs of fundamental research and engineering
application. Among them are =nite element methods [1; 2], based on the ALE formulation, and
=nite volume methods [3], also using deformable hybrid grids, and spectral element methods
using coordinate transformation [4]. These algorithms were con=ned to the study of a body
with transverse or in-line motion. However, in practice, the torsional motion of many body
shapes also plays a very important role, particularly for long-span bridges. A classic example
is the collapse of Tacoma Narrows bridge, which was essentially due to a torsional instability
[5–7].
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For the problem of an elastically mounted rigid body acted upon by �ow forces, the
governing equations are the incompressible Navier–Stokes equations with moving boundary
conditions, i.e.,

∇ · v=0 (1a)

@v
@t
+ (v · ∇)v=−∇p+ �∇2v (1b)

v= vb(t) on L(t) (1c)

Here v is the �uid velocity, p is the reduced pressure and L(t) denotes the interface between
the �ow and the body and moves with the unknown velocity vb. The motion of the body is
governed by the structural equation symbolically written as

L
(

@2

@t2

;
@

@t

; 

)
=f(�; v; p) (2)

where L is considered as a linear operator and 
 is a variable describing the motion of the
body, for example, the vertical displacement and=or rotational angle of the structure, i.e., the
heaving and=or torsional mode.
Instead of directly solving the coupled system of Equations (1) and (2), an e<cient strategy

is to solve the Navier–Stokes and structural equations independently and thereby decouple their
solutions over each time step. Therefore, at each time level, the Navier–Stokes equations are
solved to obtain the aerodynamic forces acting on the body. These forces are then an input
to the structural solver which predicts the velocity of the body at the next time level. Finally
the body velocities are then used to advance the �uid solver in a so-called ‘loose’ coupling
algorithm.
The most general technique to solve the Navier–Stokes equation with moving boundary con-

ditions is the so-called Arbitrary Lagrangian–Eulerian (ALE) method [8; 9]. In this approach
the computational mesh is continually deformed, which causes the discrete Navier–Stokes
solver to change at each time step. Therefore it is not possible to take advantage of the
optimized direct solvers for static meshes developed for many traditional applications.
An alternative approach for solving the moving-boundary �ow problem for a �exibly

mounted but non-deforming or rigid body is to attach the coordinate system to the body,
and solve the Navier–Stokes equations in a moving frame of reference. For example, in Ref-
erence [4], a coordinate transformation

x′= x − (z; t); y′=y − �(z; t); z′= z; t′= t

was applied to a �exible cable, where (z; t) and �(z; t) are the displacements of the cable
in the x and y-directions. The advantage of such an approach is that an optimized direct
solver for the �uid can be e<ciently applied. This is particularly important when considering
the very long simulation time typically required to capture the instability of �uid=structure
interaction. However, the transformation applied in Reference [4] excludes the important case
of rotation, which is of great signi=cance in problems such as bridge deck dynamics.
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FLUID=STRUCTURE INTERACTION OF ROTATING AND TRANSLATING BODIES 189

In this paper, we present our work using the moving boundary approach for a single body
undergoing both translation and rotation. We formulate, from =rst principles, a coordinate
transformation which attaches the coordinate system to the heaving=rotating body. This formu-
lation proves very �exible in handling every possible motion of a body in a two-dimensional
plane, and it also has the potential to handle three-dimensional twisting motions. The high-
order splitting scheme and spectral=hp spatial discretization adopted in the current work are
then presented. Finally, numerical simulations are presented for translational, in-line and
rotational modes, and it is shown that the vortex lock-in and the galloping phenomenon
are successfully captured by the computations.

2. FORMULATION

Assume that instantaneously the body moves with translation d=(g(t); h(t))T and rotational
angle �= �(t), in the absolute frame of reference (x′; y′). Then a corresponding moving frame
of reference can be attached on the body with the transformation

x′ = g(t) + x cos �+ y sin �

y′ = h(t)− x sin �+ y cos �

Here the prime coordinate system is used to denote the absolute frame of reference. The co-
ordinates x=(x; y)T denotes the moving frame of reference whilst d=(g(t); h(t))T is
the coordinate of the origin of the moving reference in the absolute frame of reference.
The rotational angle �(t) is de=ned to be consistent with the aeronautical sign convention for
angle of attack, i.e., rotating the model clockwise in a �ow from left to right increases the
angle, see Figure 1.

2.1. Transforming the Navier–Stokes equations

We have the following basic relations in matrix=vector notation

x′= d+Ax; x=AT (x′ − d) (3)

where

A=

(
cos � sin �

− sin � cos �

)
; AT =A−1 =

(
cos � − sin �

sin � cos �

)

DiCerentiating Equation (3) we obtain the velocity in the moving frame of reference

v= �̇I0x+AT (v′ − ḋ); I0 =

(
0 −1
1 0

)
(4)

In the above derivation we have applied the relations

ȦT =−�̇

(
sin � cos �

− cos � sin �

)
; ȦTA= �̇I0
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Figure 1. Coordinate transformation.

Throughout this paper we will use the superscript dot to denote diCerentiation with respect to
time. The velocity in the absolute frame of reference is therefore related to the moving frame
of reference by

v′=A(v − �̇I0x) + ḋ (5)

Using the above relations, we can derive the expressions for temporal and spatial operators
in the moving frame of reference. First, from Equation (3), we know

@
@x′

=
@
@x

@x
@x′

+
@
@y

@y
@x′
= cos �

@
@x
+ sin �

@
@y

(6a)

@
@y′ =

@
@x

@x
@y′ +

@
@y

@y
@y′ = − sin �

@
@x
+ cos �

@
@y

(6b)

and this implies

∇′=A∇; (∇′)2 = (∇)2 (7)

Therefore Equation (5) plus Equation (7) leads to

∇′ · v′=∇ · v; ∇′p=A∇p; (∇′)2v′=A∇2v (8)
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Furthermore, the nonlinear term in the moving frame of reference can be derived, using
Equations (5) and (7) as

(v′ · ∇′)v′ = [(A(v − �̇I0x) + ḋ) ·A∇](A(v − �̇I0x) + ḋ)

=A[(v − �̇I0x+AT ḋ) · ∇](v − �̇I0x)

=A[(v · ∇)v − ((�̇I0x −AT ḋ) · ∇)v − �̇I0v − (�̇)2x − �̇I0AT ḋ] (9)

where we note that v · ∇(�̇I0x)= �̇I0v and I0I0 =−I. Finally, because
(

@
@t

)
a
=

@
@x

@x
@t
+

@
@y

@y
@t
+
(

@
@t

)
r

where the subscripts ‘a’ and ‘r’ refer to the absolute and relative (moving) frames of reference
respectively, we have

(
@v′

@t

)
a
= (vc · ∇)v′ +

(
@v′

@t

)
r

(10)

where

vc=
(

@x
@t

)
a
= ȦT (x′ − d)−AT ḋ= �̇I0x −AT ḋ (11)

Therefore substituting Equations (5) and (11) into Equation (10) we =nd

(
@v′

@t

)
a
= [(�̇I0x −AT ḋ) · ∇][A(v − �̇I0x+AT ḋ)]

+
@
@t
(A(v − �̇I0x) + ḋ)r

=A[(�̇I0x −AT ḋ) · ∇]v+ (�̇)2x+ �̇I0AT ḋ

+ Ȧ(v − �̇I0x) + Pd+A
((

@v
@t

)
r
− P�I0x

)

=A
{(

@v
@t

)
r
+ [(�̇I0x −AT ḋ) · ∇]v+ �̇I0AT ḋ − �̇I0v+AT Pd − P�I0x

}
(12)

where we have used the following relations

AAT = I; Ȧ=−�̇AI0; I0I0 = − I; (v · ∇)x= v
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Now substituting Equations (8), (9) and (12) into the Navier–Stokes equations, Equation (1)
leads to the Navier–Stokes equations in the moving frame of reference

∇ · v=0 (13a)

@v
@t
+ (v · ∇)v=−∇p+ �∇2v+G(v; t) (13b)

G(v; t) = 2�̇I0v+ (�̇)2x+ P�I0x −AT Pd (13c)

In addition, using Equations (5) and (6) the vorticity is transformed as

!′=
@v′

@x′
− @u′

@y′ =
@v
@x

− @u
@y

− 2�̇=! − 2�̇;

which shows that the transformation does not alter the vorticity if the body has no rotation.
In fact, Equations (13) are the same equations as typically adopted in geophysical �ow [10],

where the term 2�̇I0v is related to the de�ecting or Coriolis force and (�̇)2x is related to
the centrifugal force. However the terms −AT Pd and P�I0x are related to the forces due to
unsteady translation and rotation, which are not typically present in geophysical �ow. Similar
to the treatment in geophysical �ow, we may also rewrite Equation (13) without explicitly
containing the coordinate x, by modifying the pressure to include the Coriolis and centrifugal
forces. However, we prefer to keep the pressure unaltered, since this not only simpli=es the
implementation of the pressure boundary condition for the splitting scheme in the moving
frame of reference, but is convenient when coupling a structural equation which is primarily
driven by the pressure forces in the absolute frame of reference.
In non-accelerating motion this formulation is eCectively stating that the problem of a

moving body in a uniform �ow is equivalent to that of a stationary body in a moving �ow.
For example, when a body is =xed in a �ow and forms an angle with the free stream velocity
in the far-=eld, then according to the above formulation, �̇=0, � �=0. We therefore need to
solve a problem with a far-=eld velocity v=Av′=(cos �;− sin �)T with the no-slip condition
applied on the surface of the body.

2.2. Transformation of Neumann and Dirichlet boundary conditions

The far-=eld Dirichlet boundary condition for the transformed Navier–Stokes equations can
be speci=ed using Equation (4), i.e.,

v= �̇I0x+AT (v′ − ḋ); in the far-=eld (14)

where v′ is velocity in the far-=eld in the absolute frame of reference.
For many numerical schemes, a far-=eld Neumann boundary condition at the out�ow is

typically applied in the absolute frame of reference, such that

∇′u′ · n′= gu′
N ; ∇′v′ · n′= gv′

N (15)

where n′ is the outward normal to the boundary and gu′
N ; gv′

N are known functions. We therefore
need to transform this condition into the moving frame of reference. Expanding the absolute
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frame of reference Neumann conditions in terms of the moving frame of reference variables
we obtain

∇′u′ · n′ =An ·A∇((u+ �̇y) cos �+ (v − �̇x) sin �+ g′(t))

= [cos �∇u+ sin �∇v+ �̇(− sin �; cos �)T ] · n (16a)

∇′v′ · n′ =An ·A∇(−(u+ �̇y) sin �+ (v − �̇x) cos �+ h′(t))

= [− sin �∇u− cos �∇v+ �̇(− cos �;− sin �)T ] · n (16b)

If we now de=ne ∇′v′n′=(∇′u′ · n′;∇′v′ · n′)T and ∇vn=(∇u · n;∇v · n)T , then re-combining
Equation (16), we can show that

∇′v′n′=[A(∇v) + Ȧ]n=A(∇v − �̇I0)n=A[(∇vn − �̇I0n)] (17)

Furthermore, assume

g′N =(g
u′
N ; gv′

N )
T =A(gu

N ; gv
N )

T =AgN (18)

Then =nally, combining Equations (15), (17) and (18) we obtain the corresponding Neumann
boundary conditions in the moving frame of reference

∇u · n= gu′
N − �̇ny; ∇v · n= gv′

N + �̇nx (19)

2.3. Force and moment evaluation

Before discussing the structural solver in Section 2.4 we =rst need to evaluate the forces and
moment acting on a body, which will be resolved into components parallel and perpendicular
to the free stream velocity for use in the structural solver.
The aerodynamic force exerted on a body by the �ow is the integration of local stress

�=−pI+ �, i.e.,

F=
∫
L(t)

�n′ ds′=−
∫
L(t)

pn′ ds′ +
∫
L(t)

�n′ ds′=F′
p + F

′
�

where n′ is the outward unit normal on the body and F′
p refers to the pressure force, F′

� refers
to the viscous force. The above integration is de=ned in the absolute frame of reference.
However the total force can be evaluated in the transformed plane and then rotated back into
the absolute frame of reference since

F=F′
p + F

′
� =A(Fp + F�)

where Fp and F� are the forces calculated in the transformed plane.
The moment about a point P is de=ned in the absolute frame of reference as

M ′=
∫
L(t)
r′ × (� · n′) ds′=−

∮
p(r′ × n′) ds′ +

∮
r′ × (� · n′) ds′=M ′

p +M ′
�

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 38:187–206



194 L. LI, S. J. SHERWIN AND P. W. BEARMAN

where r′ is a radius vector from point P to the element of the surface L(t). In the current
formulation we require the moment about the centre of the body and so P= d and therefore
if x′ ∈L(t) then

r′=x′ − d= d+Ax − d=Ax
which simply states that r′ is the rotated vector from the origin in the moving frame of
reference. Therefore for a two-dimensional problem

M ′=M =−
∮

p(x× n) ds+
∮
x× (� · n) ds

and so the calculation for the moment can also be evaluated in the moving frame of reference.

2.4. Equation of motion for the body

For a single rigid body, planar motion can be described in terms of three displacement com-
ponents [9], X=(; �; �)T , where  and � are the translational displacement components in
x′ and y′ direction, respectively, and � denotes the rotational displacement component. When
relating to the transformed Navier–Stokes equation and corresponding boundary conditions,
we know that = g(t), �= h(t) and �= �(t). We may write the governing equation for this
planar motion as

M PX+DẊ+KX= QF (20)

where M; D and K are the mass, damping and stiCness matrices respectively, and QF is
a vector whose components are the external forces and moment acting on the body. The
mounting system for the body is assumed to have both stiCness and damping. A simple mode
of planar motion is where each one of the three degrees of freedom has a single spring and
dashpot which are uncoupled from the other degrees of freedom. In this case, M, D and K
are all diagonal matrices with constant coe<cients.
Equation (20) is a second-order initial value problem for which there are many eCective

solution methods. In the current work, we have employed the trapezoidal scheme which is
second-order accurate in time.

Xn+1 =Xn + 1
2Rt(Vn +Vn+1) (21a)

Vn+1 =Vn + 1
2Rt(Bn + Bn+1) (21b)

MBn+1 +DVn+1 +KXn+1 = QFn+1 (21c)

where Xn; Vn and Bn are respectively numerical approximations for X; Ẋ and PX at time
tn= nRt. Notice that this scheme also requires the evaluation of the forcing term QF at the
time level n+1. However, for an explicit loosely coupled �uid=structure interaction algorithm
we require QFn+1 to be independent of Vn+1 and so it cannot be directly evaluated. We therefore
adopt an extrapolation=relaxation approximation such that

QFn+1≈ F̃n+1 =# QFn + (1− #) QFn−1 (22)
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The parameter # can be used as either a relaxation or extrapolation parameter. If #=3=2 we
have a second-order extrapolation for QFn+1.

2.5. Coupling algorithm

The loose coupling between the �uid and structure solver follows a computational procedure
of the form:
Given the solution at time level n.

1. Calculate force and moment QFn, and extrapolate the force and moment to the time
level t n+1 via the extrapolation=relaxation approximation (Equation (22)).

2. Solve the structural Equation (21) for Xn+1;Vn+1 and Bn+1.
3. Solve the Navier–Stokes Equations (13) from tn to tn+1 using the velocity boundary
conditions Vn+1.

4a. Let n= n+ 1 and go to Step 1.

Or alternatively
4b. Sub-iterate to achieve an implicit value of F̃n+1. Denoting the current iteration level

as j we re-evaluate F̃n+1
j based directly upon Vn+1

j . When a convergence criterion of
the form

‖F̃n+1
j+1 − F̃n+1

j ‖=‖F̃n+1
j+1 |¡"

is satis=ed, then let n= n+1 and go to next time level, otherwise go to Step 2 (" is
a prescribed small constant).

3. NAVIER–STOKES SPATIAL AND TEMPORAL DISCRETIZATION

At this stage we have an algorithm for a loosely coupled �uid=structure interaction. The
formulation so far is independent of the type of Navier–Stokes solver and the spatial dis-
cretization. In the following simulations we have adopted a high-order splitting scheme [11]
with a spectral=hp element spatial discretization [12; 13].

3.1. High-order splitting scheme

The incompressible Navier–Stokes equations in the moving frame of reference can be writ-
ten as

@v
@t
=−∇p+ �L(v) +N (v)

where

L(v)≡∇2v

N (v)≡−v · ∇v+G(v; t)
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and v and p denote the velocity vector and the pressure, respectively. The forcing term G(v; t)
is de=ned in Equation (13c). Following Reference [11], the numerical splitting scheme can
be written in three steps as

Ĉ− vn

Rt
=

Je−1∑
q=0

%qN (vn−q) (23a)

C? − Ĉ
Rt

=−∇Qpn+1 (23b)

Cn+1 − C?
Rt

= �
Ji−1∑
q=0

(qL(vn+1−q) (23c)

In the =rst step (Equation (23a)), the non-linear advection and forcing terms are advanced
using a convective form which is integrated in time using a multilevel Adams–Bashforth
scheme denoted by the coe<cients %q. In the second step, the time-averaged pressure Qp
is obtained by taking the divergence of Equation (23b) and assuming ∇ · v?=0 to ar-
rive at a Poisson equation which is supplemented with boundary conditions of the
form

@pn+1

@n
= n ·

{
−v

n+1 − vn

Rt

}
− n ·

{
Je−1∑
q=0

%q[(v · ∇)v −G+ �∇× (∇× v)]n−q

}
(24)

These boundary conditions ensure that the splitting error associated with the scheme is con-
sistent with the overall temporal discretization. Finally the viscous component is treated
implicitly using either an Euler backwards diCerence or Crank–Nicolson scheme and step
(23c) is re-arranged into a Helmholtz equation for each velocity component. At this stage
the unsteady far =eld boundary conditions given by Equations (14) and (19) are
imposed.

3.2. Spectral=hp element discretization

The spatial discretization adopted in the current work uses a spectral=hp element technique as
detailed in References [12; 13]. As shown in Figure 2, in this approach the solution domain
is decomposed into triangular subdomains similar to the =nite element and =nite volume
methods. Then within each subdomain we expand the solution using an arbitrary polynomial
expansion or order p. The =gure shows a computational domain subdivided into a series of
unstructured triangular domains. Within each sub-domain a polynomial expansion of arbitrary
order is applied. In this =gure we see all the polynomial modes necessary for a P=4 order
expansion.
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Figure 2. Computational h-type domain highlighting the p-type two-dimensional expansion basis.

4. VALIDATION AND FLOW SIMULATION

It is often convenient to consider the non-dimensional form of the Navier–Stokes equations

∇∗ · v∗ =0
@v∗

@t∗
+ (v∗ · ∇∗)v∗ =−∇∗p∗ + Re−1(∇∗)2v∗

The variables above are non-dimensionalized as,

t∗ =
tU
D

; x∗=
x
D

; y∗=
y
D

u∗ =
u
U

; v∗=
v
U

; p∗=
p

,U 2

Re =
,UD
-

=
UD
�

(25)

where D is a characteristic length, and , and U are the free stream’s density and velocity.
Correspondingly, the forces and moment are converted into

F∗
x =

Fx

,DU 2 ; F∗
y =

Fy
,DU 2 ; M ∗

� =
M�

,D2U 2

where we note that CL=2F∗
x , CD=2F∗

y and CM =2M ∗
� . For a speci=c problem, the cor-

responding structural equations should also be non-dimensionalized in terms of the above
de=nitions. In general, if we denote the vibration amplitude for a particular body by A, then
the dimensionless amplitude of �ow-induced vibration A=D can be regarded as a function of
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198 L. LI, S. J. SHERWIN AND P. W. BEARMAN

the four dimensionless parameters:

1. Reynolds number Re de=ned in Equation (25);
2. Reduced velocity Ured = U

fnD
, where fn is the frequency of vibration;

3. Mass ratio n= m
,D2 , where m is the mass per unit length of the body; and

4. damping factor 3.

When considering bodies of rectangular cross-section we also require the thickness ratio
W=L=D, where L and D are the length and depth of the model respectively. Note that in the
current work we have considered the depth of the body to be the characteristic length.
In the following sections we will demonstrate a range of �uid=structure interaction problems

involving free and forced motions. In all simulations we have considered rectangular domains
attached to the body motion. The left top and bottom boundaries are treated as in�ow type
boundaries with Dirichlet velocity conditions. The right boundary is treated as an out�ow
boundary where gu′

N = gv′
N =0 and pressure in the absolute frame of reference is taken to be

constant. We note that when considering a rotating frame of reference the in�ow and out�ow
characteristic of the upper and lower boundaries will change during an oscillatory cycle. We
have therefore considered upper and lower boundaries that are well removed from the region
of interest in terms of convective length scales.

4.1. Translating motion

In this section we will consider forced vertical oscillations and free oscillations for both
vertical and in-line motion. These types of oscillations have previously been investigated by
a variety of researchers and so provide a good benchmark to validate the implementation for
translational motion.
In all of the following simulations a mesh of 1000 triangular elements as shown in Figure 3

was used with a polynomial order of p=8.

-10 0 10 20 30

-20

-10

0

10

20

-2 -1 0 1 2
-2

-1

0

1

2

(a) (b)

Figure 3. Computational mesh for �ow past a translating cylinder using 1000 triangular regions.
(a) Whole domain; (b) local resolution around cylinder.
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(a) (b)

(c) (d)

Figure 4. Vorticity contours for a circular cylinder at a Reynolds number of 200. (a) Fixed cylin-
der with a Strouhal number of 0.1978; (b) A=D=0:50 and f=fs=0:8; (c) A=D=0:60 and f=fs=0:8;

(d) A=D=0:65 and f=fs=0:8.

4.1.1. Forced vertical oscillation. When a bluC body is forced to oscillate in a sinusoidal
manner under the prescribed motion of

y(t)=A cos(25ft)

the frequency of vortex shedding can be controlled over a limited range of reduced velocities.
This phenomenon is usually known as lock-in, where the vortex shedding frequency and
the body oscillation frequency are synchronized. Both experiments and numerical simulation
show that lock-in occurs only above a threshold amplitude of oscillation and that the lock-in
range increases with increasing amplitude. Interestingly, in the lock-in range increasing the
oscillation amplitude can lead to dramatic changes in the �ow patterns. Here, we present
several cases for two-dimensional simulations at a Reynolds numbers of 200 to illustrate the
phenomenon and demonstrate the capability of the algorithm discussed in Section 2.
An initial run using the spectral element method was performed for a =xed circular cylinder

at Reynolds number 200 and a Strouhal number (fsD=U ) of 0:198 was obtained, where fs

is the vortex shedding frequency. As illustrated in Figure 4, we then considered simulations
of a circular cylinder undergoing forced oscillations at amplitudes of A=D=0:5; 0:6; 0:65 and
frequency f=fs=0:8. The �ow is considered locked when the frequency of the lift force, fL,
is the same as the frequency of oscillation f and for all three cases, i.e. fL=f=0:158 (see
References [14; 15] for comparison).
For the smallest oscillation amplitude (A=D=0:5), lock-in occurs and a von-Karman street-

type pattern is formed with two vortices, of opposite circulation, being shed in each cycle. As
the amplitude of oscillation increases to 0:6, the mode of shedding changes and one pair of
vortices with opposite circulation plus a single vortex are shed per cycle. This phenomenon
has previously been observed in �ow visualizations carried out by Gri<n and Ramberg [16],
and by Williamson and Roshko [17]. The latter authors denoted this �ow pattern as the P+S
mode.
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4.2. Free vertical oscillation

The governing equation for one degree of freedom vertical motion or heaving mode is

m Py + cẏ + ky=Fy(t) (26)

where m is the mass per unit length of the body, c is the damping coe<cient, k is the
stiCness coe<cient, and y denotes the transverse displacement of the body centroid. The
right-hand side of Equation (26) is the vertical component of the aerodynamic force in the
absolute coordinate system. If we use the same non-dimensionalized scales as applied to the
Navier–Stokes equations, then we obtain

Py∗ + 23
(
25
Ured

)
ẏ∗ +

(
25
Ured

)2
y∗=

F∗
y

n

where

Ured =
U

fnD
(reduced velocity); n=

m
,D2

(mass ratio)

Here fn is the natural frequency of the heaving mode of the structure.
Anagnostopoulos and Bearman [18] conducted a series of experiments for vortex-induced,

cross-�ow oscillations of a circular cylinder, in which the Reynolds number ranged between 90
and 150, a regime where the vortex street of a =xed cylinder is fully laminar. This experiment
has become a test case for a range of numerical codes treating �uid=structure interaction
problems [1–3; 19] although attempts to duplicate the lock-in range of the experiment have
led to a noticeable discrepancy between numerical investigators. Bearing this in mind we have
considered a few cases in the lock-in range.
The cylinder was constrained to move in the transverse direction and initally held rigid

until the �ow was fully developed at the desired Reynolds number. Validation runs where the
cylinder was initally free to vibrate were also performed with no signi=cant diCerence in the
results.
The experimental values of the mass ratio and damping coe<cients were 117:10 and 0:0012,

respectively. For a Reynolds number of 106 and Ured = 5:88, we observed a monotonically
growing oscillation amplitude until it reaches a limiting amplitude of about 37 per cent of the
cylinder diameter as shown in Figure 5(a). For this case, the cylinder vibration and shedding
frequency was fc=fL=1=5:92 as compared to the Strouhal frequency for a =xed cylinder of
fs=1=5:88. Reducing the Reynolds number to 100 with a corresponding reduced velocity of
Ured = 5:58 leads to a larger maximum oscillation amplitude of 0:42 as shown in Figure 5(b).
When the Reynolds number is further reduced to 95, the lock-in ceases to occur and the
amplitude of oscillation is very small and modulated as shown in Figure 5(c).
Within the lock-in range the trend that vibration amplitude increases as the Reynolds number

is reduced is consistent with the experiments. However, the magnitude of the vibration when
compared with the experiments was smaller and the lock-in range in terms of Reynolds number
occurred at lower values. We note that these discrepancies are consistent with other numerical
predictions [1–3].
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Figure 5. Displacement history of vertically freely vibrating cylinder with structural parameters:
n=117:10; 3 = 0:0012. (a) Re=106, Ured = 5:88, fc=0:169, fv=0:169, fs=0:17; (b) Re=100,

Ured = 5:577, fc=0:179, fv=0:179, fs=0:1793; (c) Re=95.
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Figure 6. In-line response and instantaneous vorticity contours
for a circular cylinder: Re=400; n=10; 3=0.

4.3. Free in-line oscillation

For a one-degree of freedom in-line mode, the structural equation (20) becomes

m Px + cẋ + kx=Fx(t) (27)

where m is the mass per unit length of the body, c and k are the same as previously de=ned
and x denotes the in-line location of the body centroid. The right-hand side of Equation (27)
is taken to be the in-line component of the aerodynamic force. The non-dimensional form of
Equation (27) is

Px∗ + 23
(
25
Ured

)
ẋ∗ +

(
25
Ured

)2
x∗=

F∗
x

n

For the case of a stationary circular cylinder at a Reynolds number of 400, we found the
computed two-dimensional Strouhal number to be 0:218. Choosing Ured = 2:2 gives a natu-
ral structural frequency of 0:454 which is close to twice the Strouhal frequency. Setting the
structural parameters n=5; 3=0, the displacement of the freely vibrating cylinder and in-
stantaneous vorticity contours are shown in Figure 6. The non-dimensional frequency of the
oscillation is 0:436, which is exactly twice the vortex shedding non-dimensional frequency of
0:218.

4.4. Rotational motion

In this section we will consider free and forced rotational oscillations around rectangular
bodies with non-unit thickness ratios and therefore more relevant to �uid=structure interaction
around bridge deck structures. Bodies with high aspect ratios are far more susceptible to
rotational galloping instabilities and it is the ability to capture this type of instability which
has motivated the current work. In a complementary paper [20] we have investigated the
rotational galloping in greater depth. In this section we will demonstrate the capability of the
algorithm to capture rotational vibrations.

4.4.1. Forced rotation. As a numerical experiment, the prescribed motion of rotation,

�(t)=Xcos(25ft)
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(a) (b)

(c) (d)

Figure 7. Forced rotation: Re=250;X=0:1. (a) f=0:025; (b) f=0:05; (c) f=0:1.

was imposed on a rectangular cross-section cylinder with thickness ratio of L=D=5 at diCerent
frequencies f=0:025; 0:05 and 0:1. The Reynolds number 250 based on the depth D and
a value of X=0:1 was set which corresponding to a rotation of �(t) in the range ± 5:7◦.
The computations were performed at a polynomial order of p=8 on a discretization using
1261 triangular elements over the region −25D¡x¡55D;−25D¡y¡25D where the body
was centred at the origin.
Vorticity distributions for the diCerent forced rotational frequencies are plotted in Figure 7.

In Figure 7(d) we have also plotted the case of f=0:1 with the computational mesh. In this
=gure we see that although the computational mesh has been rotated, the wake vortices are
being transported in the horizontal free-stream direction.
For a =xed rectangular body at zero angle of attack the Strouhal frequency based on the

height of the body was fs=0:156. Therefore the frequency ratio for cases (a), (b) and (c) are
f=fs=0:16; 0:32 and 0:64 respectively. From the lift history it is possible to determine that in
case (a) the shedding frequency is forced to lock into a 1=6th of the body oscillation period.
In case (b) the body oscillation forces the shedding frequency to lock into 1=3rd of a body
period and in case (c) the shedding period is locked directly into the body oscillation period.
In cases (a) and (b) a vortex pairing processes is also evident which might be expected
since the formation of the vortices is occurring at an oCset position as the body rotates at
a slower period. It is, however, unlikely that this doubling could be sustained under full
three-dimensional �ow conditions.

4.4.2. Free rotation. For the one degree of freedom of rotational mode, Equation (20) be-
comes

I� P�+ c��̇+ k��=M� (28)

where I� is the mass moment of inertia, c� is the damping coe<cient, k� is the stiCness
coe<cient, and � denotes the rotational angle of the body around the elastic centre. The right-
hand side of Equation (20) is the moment relative to elastic centre. The non-dimensional form
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Figure 8. Free rotation of W=5 thickness ratio rectangular body at t=906.
Structural parameters were n=400; Ured = 40; 3�=0:6.

of Equation (20) is

P�+ 23�

(
25
Ured

)
�̇+

(
25
Ured

)2
�=

M ∗

n
(29)

where

Ured =
U

fnD
(reduced velocity); n=

I�
,D4

(moment of inertia ratio) (30)

As an example of a freely rotating body we again consider the rectangular cross-section
body of thickness ratio W=5 at a Reynolds number of Re=250 based on depth. We have
arbitrarily chosen the structural parameters to be n=400; 3�=0:6 and Ured = 40. At this
high-reduced velocity the natural structural frequency is 1=40=0:025 which is an order of
magnitude smaller than the vortex shedding frequency.
In Figure 8 we show the computational domain using 1261 elements rotated into the absolute

frame of reference at a non-dimensional time of tU=D=906. From Figure 9(a) we see that this
time corresponds to a rotation angle of �=0:166 rads=9:5◦ which is close to its maximum
rotation.
Also shown in Figure 8 are the instantaneous vorticity contours produced using a polynomial

order of p=6. From Figure 8 we see that the wake vortices are being transported primarily
in the direction of the free stream which is aligned with the x-axis. However at this level of
rotation the wake vortices are approaching the upper right outer boundary and there is evidence
of an interaction with the computational boundary. Clearly the use of an expanding upper and
lower boundary would help alleviate this problem. However, the location and concentration
of this vorticity is very far from the body.
After a non-dimensional time of approximately 200 units we see from Figure 9 that a rota-

tional �uid=structure interaction is established. The limit cycle of the rotation has a galloping
instability frequency of ≈ 1=70 which is much lower than the shedding frequency of ≈ 1=6
and is to be expected from the high reduced velocity of the computation. Also shown in
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Figure 9. (a) Time evolution of angle of attach of body in radians;
(b) forces coe<cient history normalized by depth.

Figure 9(b) are the limit cycle lift, drag and moment coe<cients as a function of time. These
coe<cients have been normalized based upon the depth of the body.

5. CONCLUSION

We have presented a complete derivation of the transformed Navier–Stokes equations into
a rotating and translating moving frame of reference attached to a rigid body. This trans-
formation allows us to solve the coupled �uid=structural equations in a loosely coupled
algorithm. The �exibility of this formulation combined with the high accuracy of spec-
tral element discretization provides an e<cient tool for fundamental research and appli-
cation on the �uid=structure interaction problems. Although the formulation has been de-
rived for two-dimensional problems, in principle, it can be generalized to three-dimensional
ones. One straightforward extension is to permit �= �(z; t), and to use a Fourier expansion
in the third direction. The resulting model can then include twisting and bending of the
structure.
In the �ow simulation, the lock-in phenomenon was captured for both heaving, in-line and

rotational motion. The simulation results have shown a good agreement with both experimental
and other existing numerical results.
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